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FLEXURE OF CIRCULARLY ANISOTROPIC
CIRCULAR PLATE WITH ECCENTRIC LOAD

I. A. Minkarah1 and W. H. Hoppmann 112

Introduction

In order to determine the elastic complliances of an aniso-
tropic material, it 1s necessary to conduct deformation experi-
ments on a portliorn of the material subjected to krown surface
lcads and displacements; 1In particular, to determine the com-
pliarces for thin sheets of circularly orthotropic material
it will suffice to load with an eccentric corcentrated force,

a circular plate of the material supported along its edge.

The plate should be formed sc that 1ts radll are a system of
principal directions for stiffness and circles concentric with
the boundary of the plate are the orthogonal set of principal
directions of stiffness. Measurements of daflections normal

tc the plate surface can be made at a sultable number of points
appropriately located. The introduction of these measured de-
flections into the theoretically determined equations for de-
flection enables one to determine the elastic compliances
simply by solving a set of simultaneous equations in the com-

pliances.

1Instruct-or ir Civil Engineering, Rensselaer Polytechnic

Institute

2Professor of Mechanics, Rensselaer Polytechnic Institute
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The theoretical solution for the clrcularly orthotropic
plate with clamped boundary and subjected to an eccentric gon-
centrated force has been obtained by A. M. Sen Gupta [113.
However, it turns out that it is more convenient to perform
the experiments on a plate having so-called simply-supported
or momentless edge. A study of the methods of providing ex-
perimentally any desired rotational constraint on a boundary,
including the case of momentless edge, has been presented 1in
the technical literature [2]. The usefulr.ess of the momentless
edge condition has been particularly emphasized. Consequently,
it 1is desirable tc have available the solution of the plate
equation which satisfies such a boundary condition. It 1s the
purpose of the present report to provide the solution for that

case,

Differential Equation of Plate Flexure

Using siJ toc denote the compliances, the stress-strain
law for the problem under consideration in polar coordinates

is as follows [3,4]:

€

r sll or + s12 °9
€9 = 823 Op t+ 8y Oy
Tro = %66 Tro

3Numbers in brackets designate References at end of Report.
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Using the principles of plate theory for small deflections
and the proposed stress-strain law it can readily be shown that

the Differential Equation for flexure is [1,5]:

W + Dg 3t N 2D, 33w 2Pre 3%
Part r? arfee?  r' 300 r a0 1 3rde

Do 32w  2(Dg +Dpg) 32y Do ay

- + = + = q(r,9)
;E 3rc rt %) ;3 or ’
where:
w = deflection of the plate
r,® = polar coordinates
q(r,8) = P = concentrated force for this problem
h = +thickness of plate
E, = 1/syp
Ey = l/sll
G = 1/866
Yp = 812/5
Vo ="812/8;
E_h3
D, = L
r
12(1-vrvo)
Egh3
D, =
*)
12(1-vrv°)
b o Gn3
k 12
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Dre = 2pk + vo Dr = 2Dk + vr Do

Solution of the Plate Equation

Assume that a concentrated force P 1s appllied to the
surface of the plate at a distance b from the center. Then
imagining the plate of radius a to be divided into two re-
glons by the concentric circle of radius b , we may use the
solution for the plate equation with q(r,0) taken identically

zero for each region of the plate.
The solutlion for the portion of the plate given 1in region:
0rhb

may be written:

1 R6+Llir;lcosm9

=1

W

and the portion given in region:

b<r<a

may be written:

- -]
]

W = Ro+ Z'Rmcosme .

m=]

Defining
D

kK = -59

r

the function Ro may be written:
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Ry = Ay r™™® 4+ By + Cyr® + Dy r'¥
for k#g+1 or O
and Ro = Ao + Bo r2 + Co log r + Do r2 log r
for k=+1 .

The characteristic equation corresponding to the homo-

geneous differential equation is:

Ao (1 ek +20 m9)A KPR - 1) = 0
D
where o'= 29 |
DI'

The roots of this equation may be written:
* (pp +qp) and + (py -qp) for m>2

and +ky for m=1

whence we have for m > 2

1+p_+q l+4p - l-p + l-p_ -
R =A_r B Myp o M %m +C pr 0 I +D r W n

m m m m m
and for m=1

1+k1 1-k

1
Rl = Al r + Bl r + Cl r

+ D1 rlogr .
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Similarly we may write solutions for the inner portion of

the plate in terms of the primed functions Ré , Ri s Ry .

Also using the normalizing conditions of boundedness for

deflection, moment, and shear force at the center of the plate

we have:
Cé = D6 = 0 from slope and shear
Ci = Di = 0 from slope and deflection
? - 1 -
Cm = Dm = 0 from slope and Pp > A, -
Hence
o v 14k '
RO = Ao r + Bo
' ! 1+kl '
Rl = Al r + Bl r
1+p,+qy 1+p-q,
r _ ' m ? m
Rm = Am r + Bm r .

Therefore we have six sets of constants to be determined by the
two boundary conditions at r = a and the four continuity con-

ditions at r=Db .

From the requirement of continuity at r = b we have:

ow 2 aaw
ow 1 w 1

W = W e 2R e— and = .
17 or or ’ aré ar2

Also, if the concentrated force P 18 expanded in a

Fourler series in the angle © we have:
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cosmeoe) .

e

m™ . 2

m=1

Furthermore, the shear force condition at r =b is:
-]

3
o w
g3g- 1 _ 2 (1, ZCosmG)
r

r =1

and the boundary conditions at the edge of the plate, r =a,

for so-called simple support or momentless boundary are:

w = 0
2 2
w 1 ow 1 dw
and M = —g + Vv ( = = 4+ ) = 0
r dr © r Jdr ;? -6_92-
at r = a
but since w=0 at r = a
2
o w
then = = 0O at r = a
o0
and the Mr = 0 condition may be simply written:
2 v
dr r or

Using the six sets of equations to determine the corre-
sponding six sets of constants the primed and unprimed func-

tions R become explicitly:
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14k 1+k
0= 5
41rDr(k -1) L1+4k .(k+ve) k votk-a
1+k 2 2 k-1
Ll B 2 e )t my 1 my }
k+1 (k+v9) k+1 k+v9 a .a k a .r
K k. 1+k
K, +1 1 1 1+
o _ _PDb 1 { 1 2a “(l+vg) - (1+vg-k,)b “r N
1= 3 ] )
emkyD, 1 (a 1o 1) (14 4vg)
2(1+vg) 1 2k, 1
+ a_= r - —4 log &
1ok, +v, B K T TR T G
1 0 a b b
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and for the primed functions:

Rt - __Pa° { 1 [2(1""9) k-1 oK (2)l+k & L
O " 4ap_(k°-1) Y14k L(k+v,) k v +k .a a
r . 2] e
" 2+k+v 1+v 14k 2
K- 2 0 ,b b b
g 221, ° ., (2) 2 -2 ®
k+l k+ve k+1 k+vG a a k a b
k k
Cpp T L 22 T(aavg)-(1evgk )b B 1k
Ry = 3 ) oul ) S r +
amkibr - (14, +vg)(a b 1)
Kk Kk
2(1+vg) 1 _ A 2k .
+ K" TR e |
(LH+vg) 111 bl b
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It can be easily shown that the isotropic solution will

be obtained 1f we use the following values for the parameters:

k=1, k1=29 pm‘:m! qm=1:

D,=D, and vg=V .
Also;,
pa? 2+k+V
lim  w| b = — *
b=o = 4wDr(k+1) k+v g

whilch 1s the deflection under a concentrated load P of a

simply supported circular plate with circular anisotropy [5].

Now that the R functions are explicitly given in terms
of the elastic complliances the deflection equation for a simply
supported circular plate with eccentric concentrated force 1is

completely determined.

Experiments to determine deflectlons can now be conducted
on the anisotropic plate with the glven load and boundary con-
ditions. As a consequence, a sufficlent number of simultaneous
equations iInvolving only the elastic compliances as unknowns
can be set up and solved to give the deslired value of the

compliances.



3.

L.

5.

-13-
References

A, M. Sen Gupta, "Bending of a Cylindrically Aeolotropic
Circular Plate with Eccentric Load", Journal of Applied
Mechanics, Vol. 19, No. 1, March 1952, pp. 9-12.

W. H. Hoppmann II and Joshua Greerspon, "An Experimental
Device for Obtalning Elastic Rotational Constraint on
Boundary of a Plate"™, Prcceedings of the Second U. S. '
National Congress of Applled Mechanics, 1954, pp. 187-191.

G. F. Carrier, "The Bending of the Cylindrically Aeolo-
tropic Plate", Journal of Applied Mechanics, Vol. 11,
No. 3, September 1944, pp. 129-133.

W. H. Hoppmann II, "Elastic Compliances of Orthogonally
Stiffened Plates", Proceedings of the Society of Experi-
mental Stress Analysis, 14, No. 1, 1956, pp. 137-144,

S. G. Lekhnitskii, "Anizotropnye Plastinki", Moscow-
Leningrad: Gostekhizdat. 2rnd Ed., 1957, pp. 329-332.



